
 Quantum Measurements

recap

POUM Measurements PositiveOperatorValueMeasurements

I doesn't say anything about how the
measurement is realised

doesn't
sayanything

aboutpostmeasurementstate



Examples Projective Measurements how POUM S
Observables are

M s Mo la Mi s t K l related
Positivity bothMoSM haveeigenvalues Ost

Normalization MotM s INA i l K l I

É Yes thisis anexampleofa POVM
measurement

Projectivemeasurements satisfy by definition a thirdproperty

Orthogonality Mi Mj SigMc
It follows that there we alway d projectors in M
for a projectivemeasurement on a d dimensionsystem

Where did Ji

In this case y the answer corresponding tomeasuringMutti
is associate with a numerical value Xi then we can associate

the measurement with a Hermitian operator

O E X oh
which in thestandardstory
is written as reveal

8 thus we regain the standard storyabout Measurement an
Intro to Quantum testbooks
In this case as you

all know the average outputofthe
measurement is cop Trip 0

s thepostmeasurementstate is standardtakento be Mi pMi
n

onobtaining Xi

Butnote toregainthisstory we madetwoadditionalassumpt



Butnote toregainthisstory we made no add tonedassumptions
6 Associating the tableofthemeasurement wit a humeralvalue
2 Associating the output table with a specificquantum state s a rule

as to how this state is obtainedfrommeasurements
This rule is chosen such that repeatedmeasurements of aproperly
known wit certainty give the samemeasurementoutcome

Theseextra assumptions are naturalbutnotessential s ratherlimiting

Convex mixturesofprojectors

M s local local Etta 1 4 1

Positivity allhaveeigenvalues 0

Normalisation

Eight
t

if
I

Interpretation

Wh probability 12 measure y you
couldifyouwere

beingannoyingquestion

2 measure Z whetthisrealycounts
as asinglemeasurement

Why wouldanyone do this Well it allows
you
withingle

measurement toget information about both the X s Z
componentsof a state i Pmgoing

Can tgetthisinformation punish ry
with a singletextbook

projectivemeasurement pimps1
pm gg
plmisplmy.it Btm so



State Discrimination NSC pg 90

SupposeAlicegivesBob aqubitpreparedin either

in
or

It is impossiblefor Bs todetermine
whetherhe can distinguish

107 or It with certainty

More on this in a later we but for now note that
measuring in Echo the Z or T basisclearlydoesn'twork

Using POUM it'spossible toperform a measurementwhich

distinguishes the states wit certainty someofthetime
butgives a completely inconclusive answer other times

M s Mi Mi Ms

M s Isn 541
positive

Mz If l K l

My s s m me normalisation positive eigenvaluesOst
checkthis

Howdoes it work

Well ifyoumeasure Mi you knowforcertaintyyoudon't

3remhave Y so you know you
have 142

misidentifies
Similarly if youmeasure Mi you knowyouhave

147
state

But if you measure Ms the result is inconclusive



Non rank I POUM measurements

Previous examples all involve rank I measurements where the
each Mi has atmost I non zero eigenvalue

Can also have cases where the no of non zero eigenvalues
is greaterthan I

eg M Mo Mi

On 2 qubit dsa system
Mo s ix say

2 me measurement

X
M s I 04 04 10 7 01 Ix Nt

This measurementaddresses thequestion
Is the system in the singletstate

Mo s Yes
M É No

M o has eigenvalues O I as previously

has eigenvalues I I I 0



Note these examples highlightthat the numberofmeasurements need not coincide with the dimension

of the system contrary to the standard storyof
projective measurements

This is entirely natural there are many different questions
you can ask about a system wit different numbersofoutcomes These questions can be realised by
POUM measurements beyond standard projective

measurements

Thatsaid similarly topurification any
POUM measurement

can actually be realised as a projectivemeasurement on a

larger system

Naimark's Dilation Theorem

If Mi Ji is a POUM acting on a HilbertspaceHa

of dimension da then there exists a projectivemeasurement

si Jis acting on a Hilbertspacey dimension daand an isometry V Ha Ha such that ti

Mi s UtMi V



An isomety isjust a transformationfrom a
green

Hilbertspace
into apotentially larger Hilbert space

Utu I but UUt doesnotnecessarily 3

They can beformedby taking a unitary on the larger
spare s deleting some collums
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Onepossible constructionofprojective
measurement that satisfies

Naimark's Dilation theorem is thefollowing

Mi In 0 I ik it dimensionof8
needs tobe same

V É Mi
n
o

tiny
as no Ymeasurement

outcomeshere
more efficientconstructions

Theprobablyof measuring on on uput judo
bepossible

same as measuring Mi on p

Trl Vputail Trl vpartenoit
Trlpalm no solo a lixilwmnn.tl

ju

Talpa Mi

Thisconstruction is alwayspossible S hence Naimark
theorem holds as claimed


